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In this study, the buckling and vibration of a sigmoid functionally graded material (S-FGM)
shells are investigated. Two types of porosity distributions, even and uneven, are taken into
account. The material properties are estimated by a new modified rule of mixture. In the
framework of the classic thin shell theory, the governing equations are derived and Galerkin’s
integrate technique is employed to compute the critical load and natural frequency of porous
S-FGM shells. The influence of pores, ceramic mass fraction and materials power index are
discussed in detail.
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1. Introduction

In the past two decades, many studies have been devoted to the buckling and vibration of func-
tionally graded conical shells (Sofiyev, 2019). Sofiyev and his coauthors have made a prominent
contribution to those studies. By using the Donnell shell theory and the Galerkin method, they
obtained a series of analytical solutions to buckling loads and lowest natural frequencies of non-
homogeneous orthotropic conical shells (Sofiyev et al., 2009a), FGM cylindrical shells (Sofiyev,
2007; Sofiyev and Kuruoglu, 2014), FGM conical shells (Sofiyev, 2009; Sofiyev and Schnack,
2012), and FGM hybrid truncated shells (Sofiyev et al., 2008a,b; Sofiyev, 2019) subjected to
mechanical and thermal loads. In their studies, two-parameter elastic foundations were some-
times considered. The effects of foundation, materials and geometric parameters on the buckling
pressures and lowest natural frequencies were investigated in detail. Naj et al. (2008) employed
a first-order shell theory and Sander’s nonlinear kinematics equations to study mechanical and
thermal buckling behavior of FGM truncated conical shells. They found that the semi-vertex an-
gle, length-to-thickness ratio and radius-to-thickness ratio had significant effects on the buckling
mechanical and thermal loads. After investigating dynamic buckling characteristics of imperfect
FGM conical shells subjected to an impact load, Zhang and Li (2010) found that the maximal
dynamic deflection of an imperfect shell was larger than that of the corresponding perfect shell.
By studying buckling behavior of FGM hybrid conical shells reinforced with stiffeners, Dung
and Chan (2017) and Duc et al. (2018) found that the number of stiffeners could significantly
affect the critical loads. The vibration analysis of functionally graded conical and cylindrical
shell structures was presented by Tornabene (2009) and Qu et al. (2013). The FGMs with a
four-parameter power-law distribution was proposed. Vibration characteristics of FGM conical
shell panels were investigated by Zhao and Liew (2011). In their study, two types of FGMs,
Al/ZrO2 and Ti-6Al-4V aluminum oxide were taken into account. Using the differential quadra-
ture method (DQM), Heydarpour et al. (2014) studied vibration behavior of FGM truncated
conical shells subjected to internal pressures. For rotating FGM conical shells, Malekzadeh and
Heydarpour (2013) and Dey et al. (2015) discussed the effect of rotational speed on natural
frequencies. They found that the influence of Coriolis acceleration on the frequency depends
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on the shell boundary conditions. Using the variational principle in conjunction with the modi-
fied Fourier series, Su et al. (2014) obtained an analytical solution of thick FGM conical shells,
cylindrical shells and annular plate structures. In addition, vibration of FGM conical shells was
studied by Deniz et al. (2016) and Zarei et al. (2020).

In the above-mentioned studies, the conical shells were treated as perfect structures without
pores. However, porosities inevitably appear inside the materials in the process of fabricating
FGMs (Wu et al., 2020) and affect Young’s moduli (Sofiyev et al., 2009b). Hence, it is necessary
to investigate the influence of internal pores on buckling and vibration characteristics of FGM
conical shells. Hoa et al. (2020) investigated the effects of pores on the critical load of FGM
conical shells on elastic foundations. Buckling and vibration characteristics of porous FGM
conical shells were also studied by Cuong-Le et al. (2021) and Yan et al. (2020). All of the
results showed that the porosity distributions and porosity volume fraction could affect the
statics and dynamics of FGM conical shells. Moreover, the used model for evaluating FGM
material properties was based on the model of estimating typical mechanical properties of metal
foams, and not the law of mixture.

A sigmoid functionally graded material (S-FGM) is a new kind of composite in which the ce-
ramic volume fraction is described by a sigmoid distribution law. Compared with typical FGMs,
S-FGMs have the advantage of eliminating stress concentration in some interfaces where the
materials are continuous but quickly varying. Hence, S-FGMs can be used in some engineering
structures subjected to impact and thermal loads to avoid concentration of stress. Up to now,
few studies have been devoted to buckling and vibration of S-FGM truncated conical shells
(Dung et al., 2019; Nemati and Mahmoodabadi, 2020).

As reviewed above, the number of studies on the buckling and vibration of S-FGM conical
shells is still rather scarce. According to the authors’ knowledge, no previous research work
has been done for the buckling and vibration of porous S-FGM shells. Hence, the present study
attempts to present a modified model of estimating material properties and investigate the effect
of internal pores on the buckling and vibration of porous S-FGM conical shells.

2. A porous S-FGM truncated conical shell

As depicted in Fig. 1, a porous S-FGM truncated conical shell subjected to external pressures
P1 and P2 is considered. A curvilinear coordinate system (s, θ, z) is set in the middle surface of
the cone. s and θ axes lie along the generator and in the circumferential direction. The z axis is
perpendicular to the s-θ curve. The radii of the cone at the small and large ends are S1 and S2,
respectively. L, h and γ denote length, thickness and semi-vertex, respecively. The truncated
conical shell is made of ceramic and metal materials. Two types of porosity distributions, even
and uneven, are considered (see, Fig. 2).

In the previous open literature, the pore volume fraction α is usually assumed to be very
small α≪ 1 and neglected in calculating the total volume of porous structures, i.e. Vc+Vm = 1,
in which Vc and Vm denote the ceramic and metal volume fractions. To eliminate the assumption,
we now let Vc+ Vm+α = 1 and Wc+Wm = 1, in which Wc and Wm are the ceramic and metal
mass fractions, respectively. Thus, Vc can be calculated as follows

Vc = (1− α)
Wc/ρc

Wc/ρc +Wm/ρm
(2.1)

where ρc and ρm are the ceramic and metal mass densities.
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Fig. 1. Scheme of a S-FGM truncated conical shell

Fig. 2. Porosity distributions: (a) even, (b) uneven

The ceramic volume distribution V ∗c of the S-FGMs is assumed to be
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but Vc
∗ for typical FGMs is

V ∗c = Vc2
(

1 +
2z

h

)N
(2.3)

where N is the material volume index. The coefficients Vc1 and Vc2 can be calculated by

0.5h
∫

−0.5h

V ∗c (z) dz =

0.5h
∫

−0.5h

Vc dz (2.4)

Applying the modified rule of mixture, the effective Young’s modulus E(z), mass density ρ(z)
and Poisson’s ratio ν(z) of the conical shell can be expressed as follows

E(z) = EcV
∗

c (z) + Em[1− V
∗

c (z)− α
∗(z)]

ρ(z) = ρcV
∗

c (z) + ρm[1− V
∗

c (z)− α
∗(z)]

ν(z) = νcV
∗

c (z) + νm[1− V
∗

c (z)− α
∗(z)]

(2.5)

where Ec and νc are Young’s modulus and Poisson’s ratio of the ceramics. Em and νm are the
corresponding values of the metals. The porosity volume distributions α∗ for the even distribution
(ED) is assumed to be

α∗(z) = α (2.6)

and the uneven distribution (UD) is assumed to be

α∗(z) = α1
(

1−
2|z|

h

)

(2.7)
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Assuming that the total porosity fractions for different distributions are equivalent, the
coefficient α1 can be determined as follows

0.5h
∫

−0.5h

α1
(

1−
2|z|

h

)

dz =

0.5h
∫

−0.5h

α dz (2.8)

3. Formulations

3.1. Governing equations

In the framework of the classical thin shell theory, the stress-strain relationship of the S-FGM
conical shell can be expressed as follows
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in which σs, σθ and σsθ are the stresses of the middle surface, εs, εθ and εsθ are the corresponding
strains, W is the displacement in the circumferential direction and ψ = θ sin γ.
The membrane forces (Ns, Nθ, Nsθ) and moments (Ms,Mθ,Msθ) are calculated as

[(Ns, Nθ, Nsθ), (Ms,Mθ,Msθ)] =

h/2
∫

−h/2

[1, z](σs, σθ, σsθ) dz (3.2)

Introducing stress function F (s, ψ, t), the membrane forces are expressed as
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On the condition that the truncated conical shell is subjected to external pressures P1 and P2,
the initial membrane forces are given as (Sofiyev, 2009)

N0s = −
1

2
P1s tan γ N0θ = −P2s tan γ N0sθ = 0 (3.4)

Combined with the effects of the initial membrane forces N0s , N
0
θ and N

0
sθ, the dynamic equilib-

rium equations and the strain compatibility equations are built as follows
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(3.5)

where ρt =
∫ 0.5
−0.5 ρ(z) dz.

Substituting Eqs. (3.1)-(3.4) into equations (3.5) and introducing the independent variable
x = ln(s/s2), the governing equations of the S-FGM conical shell can be derived as follows

L1(F ) + L2(W ) + P1L3(W ) + P2L4(W )− ρths
4
2
∂2W

∂t2
= 0

L5(F ) + L6(W ) = 0

(3.6)

where the linear operators Li (i = 1, . . . , 6) are given in Appendix A.
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3.2. The solution of the governing equations

In the present study, The free supported boundary conditions are assumed to be

s = s1 and s = s2 ⇒ W =Ms = Ts = 0 (3.7)

The solution to the governing equations is assumed as

W = w(t)eµx sin(β1x) cos(β2ψ)

F = f(t)e(µ+1)x sin(β1x) cos(β2ψ)
(3.8)

where β1 and β2 are the coefficients of the vibration mode (m,n), defined by

β1 =
mπ

x0
β2 =

n

sin γ
x0 = ln

s2
s1

(3.9)

The parameter µ is introduced to obtain the minimum values of the critical pressure and lowest
frequency. Multiplying Eq. (3.6)1 by s

2
2 exp[(µ+2)x] sin(β1x) cos(β2ψ) and (3.6)2 by s

3
2 exp[(µ+

3)x] sin(β1x) cos(β2ψ), then applying Galerkin’s method over the shell area 0 ¬ ψ ¬ 2π sin γ
and −x0 ¬ x ¬ 0, the following differential equation with respect to time t can be derived
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where the coefficients Gi (i = 1, . . . , 7) are defined by
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If the conical shell is free from external pressures P1 = P2 = 0, the frequency ω of the free
vibration is obtained as

ω =

√

1

G7
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−
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According to equation (3.10), the critical hydraulic buckling pressures P1 = P2 = PHcr and
lateral buckling pressures P1 = 0, P2 = PL cr are obtained as

PH cr = −
G1G6 −G2G5
G5(G3 +G4)

PL cr = −
G1G6 −G2G5

G5G4
(3.13)

It is noted that the minimum values of buckling pressure and frequency obtained by Eqs.
(3.12) and (3.13) depend on the parameters m, n and µ. In the present study, the minimum
value of the shape mode (m,n) can be found by changing the value of the parameter µ from 0
to 5 with the step 0.1 (Sofiyev, 2009).

4. Results and discussion

4.1. Comparison studies

To validate the present method, two numerical examples are tested and the results are listed
in Tables 1 and 2.

Example 1. The buckling behavior of a typical FGM truncated conical shell is studied in this
example. The critical loads PH cr and PL cr are displayed in Table 1. The materials properties for
silicon nitride (Si3N4) are Ec = 0.32227 TPa, ρc = 2370 kg/m

3 and νc = 0.24. Those for stainless
steel (SUS304) are Em = 0.2077877 TPa, ρm = 8166 kg/m

3 and νm = 0.317756. The geometric
parameters are R1 = 1.0m, R2 = 3.0m, R2/h = 200 and γ = 30

◦. It can be observed that the
present results agree well with those given by Sofiyev (2009). The maximum error is only 0.5%.

Table 1. Comparison of the critical pressures PH cr and PL cr for a typical FGM truncated
conical shell

N Method PH cr(n, µ) [MPa] PL cr(n, µ) [MPa]

Sofiyev (2009) 0.741(8,2.1) 0.779(8,1.9)
Si3N4 (N = 0) Present 0.739(8,2.1) 0.776(8,1.9)

Discrepancy 0.3% 0.4%

Sofiyev (2009) 0.578(8,2.1) 0.607(8,1.9)
1.0 Present 0.575(8,2.1) 0.604(8,1.9)

Disfrepancy 0.5% 0.5%

Sofiyev (2009) 0.551(8,2.1) 0.579(8,1.9)
2.0 Present 0.548(8,2.1) 0.577(8,1.9)

Discrepancy 0.5% 0.3%

Example 2. The free vibration of a typical FGM truncated conical is studied in the example.
The materials properties for silicon nitride (Si3N4) are Ec = 0.32227 TPa, ρc = 2370 kg/m

3

and νc = 0.24, and the those for Nicknel (Ni) are Em = 0.205098 TPa, ρm = 8900 kg/m
3 and

νm = 0.31. The geometric parameters of the shell are R2/h = 100, L = 2R1 and γ = 30
◦.

The dimensionless fundamental frequency Ω1 = ω1R2
√

(1− ν2c )ρc/Ec is calculated and listed in
Table 2. It can be seen that the maximum deviation between the present results and those given
by Sofiyev and Schnack (2012) is 0.6%.

4.2. Parametric studies

After the present method is validated, the effects of the porosity volume fraction, porosity
distribution, material volume index, semi-vertex angle on the critical buckling loads and the
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Table 2. Comparison of the dimensionless fundamental frequency Ω1 for a typical FGM trun-
cated conical shell

Method Ni N = 1.0 N = 2.0 Si3N4

Sofiyev and Schnack (2012) 0.0723(7) 0.0997(7) 0.0887(7) 0.1763(7)

Present 0.0725(7,1.1) 0.1002(7,1.0) 0.0892(7,1.1) 0.1757(7,1.1)

Discrepancy 0.3% 0.5% 0.6% 0.4%

lowest natural frequencies of porous S-FGM truncated conical shells are discussed in this Sub-
section. The material and geometric parameters are given in Example 1. Unless specially stated,
the following parameters are used: Wc = 0.3, α = 0.1 and N = 1.0.

Tables 3 and 4 list the first five buckling pressures PH cr, PL cr and natural frequency ω
of the porous conical shell. The two kinds of pore distributions, even distribution (ED) and
uneven distribution (UD) are taken into account. It can be found that the minimum values of
the buckling pressures are obtained in mode (1,7). However, the lowest frequency is obtained
in mode (1,5). Also, it can be observed that the parameter µ for the critical buckling pressures
is about 2.7, but that for the lowest frequency it is 1.1. Moreover, it can be found that the
minimum values of the buckling pressures PH cr, PL cr and frequency ω for the even distribution
are smaller than the corresponding values for the uneven distribution, respectively. It can be
proved that the effective rigidity for the even distribution is larger than that for the uneven one.

Table 3. Buckling pressures PH cr, PL cr and frequency ω of different modes (m,n) for a porous
S-FGM truncated conical shell with evenly distributed pores

(m,n) (1,7) (1,6) (1,8) (1,5) (2,8)

PH cr(µ) [MPa] 0.442(2.7) 0.447(1.7) 0.462(3.8) 0.542(0.8) 0.574(3.0)

PL cr(µ) [MPa] 0.461(2.6) 0.465(1.6) 0.485(3.6) 0.567(0.8) 0.624(2.7)

(m,n) (1,5) (1,6) (1,4) (1,7) (1,8)

ω(µ) [Hz] 51.791(1.1) 54.699(1.9) 59.401(0.5) 61.732(3.0) 70.702(4.0)

Table 4. Buckling pressures PH cr, PL cr and frequency ω of different modes (m,n) for a porous
S-FGM truncated conical shell with unevenly distributed pores

(m,n) (1,7) (1,6) (1,8) (1,5) (2,8)

PH cr(µ) [MPa] 0.460(2.6) 0.462(1.7) 0.482(3.7) 0.557(0.8) 0.594(3.1)

PL cr(µ) [MPa] 0.481(2.7) 0.484(1.7) 0.507(3.7) 0.582(0.8) 0.645(2.7)

(m,n) (1,5) (1,6) (1,4) (1,7) (1,8)

ω(µ) [Hz] 52.461(1.1) 55.685(2.0) 59.706(0.5) 62.986(3.0) 72.231(4.1)

For the sake of revealing the effect of the parameter µ on the buckling and vibration behavior
of the truncated conical shell, the curves of the buckling pressure PH cr and PL cr versus the
parameter µ are displayed in Fig. 3a. As the parameter µ changes from 0.0 to 2.7, the buckling
pressures PH cr and PL cr decrease. However, the buckling pressures increase as the parameter
changes from 2.7 to 5.0. Thus, it can be found that the critical buckling pressures can be obtained
at µ ≈ 2.7. A similar variation of the natural frequency versus the parameter µ is observed in
Fig. 3b, but the lowest frequency ω can be obtained at µ ≈ 1.1.

The curves of the buckling pressures PH cr, PL cr and lowest frequency ω versus the ceramic
mass fraction Wc are shown in Figs. 4a and 4b. From the two figures, it can be observed that
the values of PH cr, PL cr and ω are increased with an increase in Wc. It is due to the fact that
Young’s modulus of Si3N4 is higher than that of Ni. Also, it can be seen that the critical buckling
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Fig. 3. Effect of the parameter on: (a) critical buckling pressures, (b) lowest frequency

Fig. 4. Effect of the ceramic mass fraction WC on: (a) buckling pressures PH cr and PL cr,
(b) lowest frequency ω

pressure PH cr for the even distribution is very close to the critical lateral pressure PL cr for the
uneven distribution. The lowest frequency for the uneven distribution is higher than that for
the even porosity distribution. Also, this demonstrates that the effective rigidity of the former
is larger than that of the latter.

In Fig. 5a, the influence of the porosity volume fraction α on the buckling pressures PH cr
and PL cr is revealed. It is clear that the values of PH cr and PL cr decreased with an increasing
value of α. The decrease in the buckling hydraulic pressure PH cr is more significant than that
of the buckling lateral pressure PL cr. If the value of α varies from 0 to 0.3, the value of PH cr for
the uneven and even distribution decreases by about 21% and 32%, respectively. It is evident
that the effect of the porosity volume fraction on the buckling hydraulic pressure for the even
porosity distribution is more significant than that for uneven porosity distribution.

The variation curves of the lowest frequency ω versus porosity volume fraction α are shown in
Fig. 5b. It can be observed that the variation is different for different porosity distributions. The
lowest frequency ω for the even distribution is decreased by increasing α. On the contrary, the
lowest frequency ω for the uneven distribution is increased as α increases. Also, one can notice
the turning point of the variation curves for the uneven distribution at α = 0.24. Furthermore,
the value of ω for α > 0.4 increases more slowly than that for α < 0.24.

The effects of the material index N on the buckling pressures PH cr and PL cr are shown
in Fig. 6a. It is clear that the values of buckling pressures are decreased with an increase of
the index N . This is because the increase of N indicates a decrease in the volume fraction of
Si3N4, which leads to a decrease in the shell effective rigidity. As expected, the curve of buckling
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Fig. 5. Effect of the pore volume fraction α on: (a) buckling pressures PH cr and PL cr,
(b) lowest frequency ω

Fig. 6. Effect of the material index N on: (a) buckling pressures PH cr and PL cr, (b) lowest frequency ω

hydraulic pressure PH cr for the uneven distribution is very close to the curve of buckling lateral
pressure PL cr for the even distribution. This proves that the effective rigidity of the former
nearly equals that of the latter. Figure 6b shows the effect of the material index N on the lowest
frequency ω. It is seen that the value of ω can be decreased by increasing the index N . This is
due to the fact that an increase in N leads to a decrease in the effective rigidity of the truncated
conical shell.

Fig. 7. Effect of the semi-vertex angle γ on: (a) buckling pressures PH cr and PL cr,
(b) lowest frequency ω
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The curves of the buckling pressures PH cr and PL cr versus semi-vertex angle γ are shown
in Fig. 7a. From the figure, it can be seen that the maximum values of buckling pressures PH cr,
PL cr and frequency ω are obtained at γ ≈ 40

◦, which implies that the maximum of the shell
effective rigidity is obtained at γ ≈ 40◦. The variation of the lowest frequency ω varying with
the semi-vertex angle γ are shown in Fig. 7b. It can be observed that the maximum value of the
lowest frequency ω is reached at γ ≈ 50◦. Also, it can be observed that the porosity distribution
has an insignificant effect on the lowest frequency. The maximum difference is about 2.4%.

5. Conclusion

This paper presents a new reliable model to evaluate material properties of sigmoid functionally
graded materials. The buckling and vibration of porous S-FGM truncated conical shells are
investigated. The present results are compared with those available in the open literature. In
the parametric studies, the effects of ceramic mass fraction, porosity volume fraction, porosity
distribution, material index and semi-vertex angle are discussed in detail. The results show
that both the porosity volume fraction and distribution have significant effects on the buckling
pressures and lowest frequency. The buckling pressures and lowest frequency for the even porosity
distribution are decreased as the porosity volume fraction rises. However, the lowest frequency
for the uneven porosity distribution is increased. By increasing the ceramic mass fraction, the
values of buckling pressures and lowest frequency can be raised. As the semi-vertex angle γ
changes from 15◦ to 75◦, the critical buckling pressure and lowest frequency are obtained at
about 40◦ and 50◦, respectively.
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(A.1)

In which coefficients Ai and Bi are defined by

A1 = c12 A2 = 2(c11 − c31) A3 = c13 A4 = 2(c14 + c32)

B1 = b11 B2 = 2(b31 + b12) B3 = b14 B4 = 2(b32 − b13)
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In Eqs. (A.2), the coefficients akij are defined as follows

ak11 =

0.5h
∫
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(A.3)
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